We investigate the phenomenon of selection via flatness. In the static case, the finiteness of the population does not seriously influence the increase of mean fitness of population due to flatness around a peak. The effect is proportional to 1 / ͱ L, where L is the genome length. We investigated the two peak model ͑high peak and a flat peak͒. We find that the selection of flatness for long genome lengths occurs as a dynamic phenomenon in the case of evolution with small populations. We found that two factors are crucial to define the role of flatness: special initial distribution ͑the population is located at centers of peaks͒ allows flat peak to attract more population, and the large value of mutations per population per virus life cycle sometimes also increases the role of flatness. We suggested simple criteria to identify the phenomenon of dynamical arresting of population around flat peak by experiment. We infer that selection via robustness is possible in evolution as a nonequilibrium phenomenon.
I. INTRODUCTION
The phenomenon of robustness against mutations is one of the fundamental features of evolution processes ͓1,2͔. In ͓1͔, robustness has been considered as a characteristic of an evolving system, along with mutation and recombination rates. We consider here the narrow aspect of the phenomenon: how the flatness of fitness landscape gives some advantage during evolution process, i.e., to attract more population.
In evolving processes, the fitness of a given genome, the sequence of alleles ͑types of genes͒ is proportional to the number of offspring ͑e.g., of a virus with a given genome͒. We consider the asexual evolution models where the fitness is a deterministic function of the genome. In the case of long periods of evolution, it has been assumed that special form of flat fitness landscapes, i.e., neutral networks ͓3,4͔ make a possible to find higher fitness sequences on a long distance in genomic sequence space, as has been assumed in ͓5͔ "Optimization follows a combined mechanism: Adaptive walks leading to minor peaks are supplemented by random drift along networks." Unfortunately, for the static case, or for a short period of evolution, the situation ͑a possible advantage due to neutrality͒ is not yet clear.
We consider here a fitness landscape, characterized by two peaks, the domains of sequence space near the local maxima points. A fundamental issue in evolution is the possibility for the evolving population the selection via flatness: to choose a lower fitness sequence with a high robustness against the mutations, while at low mutation rates the sequence with the higher peak is selected; see ͓2͔. While the phenomenon has been reported in digital life with very short genomes and small population size ͓6,7͔, the first experiment in biology, providing possible confirmation of such phenomenon, has been conducted only recently ͓8͔. Here, the crucial point is that for the genome length L the increase of mean fitness by neutrality is strongly suppressed via a factor 1 / ͱ L, for infinite populations ͓9͔.
In ͓10͔, the evolution with one peak has been considered with a certain type of flatness, and it has been concluded that the finite population effect increases the impact of flatness ͑mean fitness͒. The authors of Ref. ͓10͔ consider a Wrightian fitness e −sn / s, where n is the number of mutations and s is a parameter related to the width of the fitness distribution. They numerically investigated finite populations of different sizes in the steady state, provided some analytical estimates, calculated the mean fitness, and concluded that there is a serious advantage of flatness ͑small s͒ for small populations. According to the analytical results of ͓10͔, also based on ͓11͔, there are O͑1 / N͒ corrections, an increase of mean fitness, where N is the total population.
However, the formulas of ͓10,11͔ are valid for finite times of observation only at
otherwise there are not any deterministic shifts of the mean fitness due to finite population size. Thus finite population could give only negligible, O͑1 / L͒ advantage due to this version of flatness with a fitness choice e −sn / s, while the mesa like flatness gives O͑1 / ͱ L͒ for infinite ͓9͔ and finite populations. In ͓10͔, the height 1 / s of peak is coupled with the flatness ͑1 / s, where s is the parameter in the exponent͒.
For the experiments with viruses ͓8͔ one needs to perform calculations in the case of two peaks fitness case while in ͓10͔ only the one peak case has been investigated. Here, we reanalyze the problem and find a possibility for a "selection via flatness" ͑the evolving population is grouped around low and flat peak͒ to exist in the dynamical regime.
II. CROW-KIMURA MODEL WITH TWO PEAKS

A. Fitness landscape
Let us consider the fitness landscape with two peaks, one with a single sequence with a fitness r 1 ͑first reference sequence͒ and the second peak with a second reference sequence and all its nearest neighbors with the same high fitness r 2 . Thus, contrary to ͓10͔, we decouple the height and flatness properties of the peak. In Secs. II and III we assume that the genetic ͑Hamming͒ distance between two reference sequences is rather large, and during the experimental observation mutations can only bring to new sequences near these two sequences. In the experiment of ͓8͔ the Hamming distance d between two peaks was 54. We can use the smallness of 1 / d to calculate the infinite population dynamics via a system of differential equations. In the Sec. III C we use an alternative fitness landscape with approximate neutrality for the second peak.
B. Infinite population model
Here we formulate the infinite population model. Later we will use it to formulate the finite population model ͓12͔. We consider the continuous time Crow-Kimura model, which also serves as the discrete-time model of population genetics. In the Crow-Kimura model ͓13-17͔, any genotype configuration i is specified by the values of L two-values spins s k
We will denote such a configuration i by
Here r i is the fitness, and m ij is the rate of mutation from the original configuration state S i to the new genome state S j per unit period of time. Following ͓14͔, we take
The choice of fitness landscape corresponds to the choice of a function r i = f͑S i ͒. Equation ͑2͒ is connected with the "parallel" or "decoupled" mutation selection scheme, where mutation and selection act in an independent way. The important characteristic, yet to be defined, is the mean fitness, given as R = ͚ i=1 M p i r i . In the case of a finite population, we have a total population N and integers N i , the number of viruses with the type i. Therefore, we should work with these integers N i instead of the continuous p i .
As has been first calculated in ͓9͔, in equilibrium the mutational robustness only slightly increases the mean fitness of the second peak, r 2 → r 2 ͑1+c␥ 0 / ͱ L͒, where L is the genome length, ␥ 0 , and c is a constant O͑1͒. Thus for the large genome length L ϳ 1000-10 000, the robustness provides a rather small advantage in the static case. We consider only nearest-neighbor neutral sequences. For the wide flat peaks with approximated neutrality ͑"neutral" sequences have slightly lower fitness than the peak sequence͒, the consideration of the far neutral sequences gives negligible contribution to mean fitness, see the theoretical analysis of experimental data of ͓18,19͔ in ͓20͔. We will investigate the dynamics in case of approximate neutrality ͑the fitness of "neutral" sequences is slightly less than the fitness of the peak sequence͒ in Sec. III C.
C. Initial conditions
We consider two principally different initial population distributions. For the first case we put two subpopulations in local equilibrium around both peaks; see Fig. 1 . For the second initial probability distribution, two subpopulations are initially off the equilibrium: we put initially half of the population at the high and narrow peak, and the another half at the second sequence; see much population as the high peak during some period of time. We observed this effect at a high mutation rate ␥ 0 =3; see Fig. 4 . At low mutation rates the effect disappears and high peak attracts more population; see Fig. 5 . Thus, the flatness potentially becomes a stronger evolution factor than the height of the fitness peak at high mutation rates. In case of the first initial distribution and very large populations the first peak has an advantage and attracts more population than the flat peak.
D. Dynamics for the infinite population case
While the phenomenon is a finite population size effect, we can qualitatively analyze it using the infinite population model. In this case, we can solve the dynamics of the model, using 1 / ͱ L expansion. As the peaks are far from each other, the dynamics is simplified. It can accurately be described with O͑1 / d͒ accuracy using a system of three ordinary differential equations:
We denote by x͑t͒ the probability of the high narrow peak; is the fraction of the neutral sequences around the second sequence, y the probability of the second sequence and z is the probability of the all neutral sequences from the first Hamming class around the second reference sequence. The system ͓Eq. ͑3͔͒ is directly derived from Eq. ͑2͒. We performed a numerical evaluation of the model by Eq. ͑2͒, using the version of model by ͓21͔. We found that at some values of parameters x͑t͒ Ͻ y͑t͒ + z͑t͒. The situation x͑t͒ Ͻ y͑t͒ + z͑t͒ disappears when ␥ 0 Ͻ 1.05. We can give a crude estimate, looking the derivative of the line x͑t͒ ͑when it is parallel to t at t =0͒,
This equation gives ␥ 0 = 0.5 instead of ␥ 0 Ϸ 1.05 found from the original model by Eq. ͑2͒. The ordinary differential equation ͑ODE͒ ͓Eq. ͑3͔͒ and the system ͓Eq. ͑2͔͒ give results, identical with the accuracy 1%, That is why in Fig. 3 we gave some points calculated by Eq. ͑3͒ for the illustration of accuracy of the simplified system ODE.
In the considered case, when both the total mutation rate per genome and fitness are ϳ1 at the limit of large genome, the considered time period ͓when x͑t͒ Ͻ y͑t͒ + z͑t͔͒ also ϳ1, therefore scales as L 0 at the limit L → ϱ. Figure 3 illustrates the O͑1 / L͒ accuracy of our solution for the dynamics using the system ͓Eq. ͑3͔͒ instead of the original system ͓Eq. ͑2͔͒. In the considered case, when both the total mutation rate per genome and fitness are ϳ1 at the limit of large genome, the considered time period is also ϳ1, therefore scales as L 0 at the limit L → ϱ.
We have performed numerical calculations for different genome lengths. The period of time T, where x͑t͒ Ͻ y͑t͒ + z͑t͒, slightly decreases with the growth of genome length L: for r 1 =7, r 2 = 6, and ␥ 0 = 2.5, we get that T = 1.69 for L = 100 and T = 1.62 for L = 10 000. In the next section we consider the finite population model.
III. FINITE POPULATION MODEL
A. Formulation of the finite population model
Our main interest is in the case of finite population where we performed numerical simulations. For the small populations, the dynamics is not smooth and depends on the details of the discrete dynamics. What we can claim with certainty is that the flatness impact will be suppressed in the case of an initial equilibrium distribution. We have performed numerical simulations for the finite population version of the CrowKimura model Eq. ͑2͒ with r 2 =7,r 1 =6.
Let us formulate the finite population version of the model. Specifically, we consider Moran's model-like dynamics for the Crow-Kimura model with a finite population. The evolution dynamics is considered as a Markov model with ͑L +1͒ 2 classes, via small time steps ⑀. Any class is characterized via Hamming distances l 1 , l 2 from reference sequences. The part of population is in the class l 1 of the first reference sequence with a corresponding fitness distribution J l 1 1 , where J 0 1 = r 1 and =0 for other classes. For the second part of the population we have a fitness distribution J l 2 2 = r 2 for l 2 =0,1 and =0 otherwise. At discrete moment of time the model is characterized with n l 1 ͑t͒ and n l 2 ͑t͒ numbers in the classes around the first and second peak. After time interval ⑀, we consider the following steps A, B, C:
͑A͒ the number of particles in the class l 1 grows with a probability ⑀J l 1 1 . If before the iteration there are n l 1 particles at the class l 1 , then the number of new particles at the same class is defined as a result of Binomial distribution with probability J l 1 1 ⑀ and n l 1 trial. The same is done with the class l 2 around the second peak. a ͑B͒ There is a mutation of the whole population with the rate ⑀␥ 0 . We consider mutations from the class l 1 to the class l 1 + 1 with the probability ͑L − l 1 ͒⑀ / L and to lower class with the probability l 1 ␥ 0 ⑀ / L. We again consider for these mutation events Binomial distributions with the n l 1 trials and corresponding probabilities ␥ 0 ͑L − l 1 ͒⑀ / L and l 1 ␥ 0 ⑀ / L. The same things are done with the class l 2 around the second peak.
͑C͒ We dilute both subsystems uniformly to keep the total population size at N.
Our model adequately describes the series of viral growth in chemical reactor with dilution after time period ⑀.
The second choice of the initial distribution possibly corresponds to the situation in the experiment in Ref. ͓8͔. Initially, the authors prepared a virus population which consists of only two sequences. In the case of finite populations, due to the small population, the high peak may simply disappear in the population.
B. Stability of the phenomenon
If the population is large enough, the dynamics does not depend on the ͑small͒ parameter ⑀, the time of two subsequent dilution of the growing population. For the considered L = 100, 1000, 3000 and populations N = 100, 1000, 10 000. We found that ⑀ is one of key parameters of the model.
For the rather small number of mutations per replication cycle the effect of flatness is suppressed. For r 1 =7,r 2 =6,␥ 0 =3,L = 100, N = 200, the high peak has advantage all the time for ⑀ Ͻ 0.07, see Table I . For the higher values of 0.07Ͻ ⑀ Յ 0.14, the result of evolution dynamics is stochastic: depending of the random number generator choice, either high peak could attract the most of population or the flat peak.
For the higher values of ⑀ Ͼ 0.15 again the choice of the peak is a deterministic process. We get the same qualitative picture of dynamics for the model with L = 100, N = 2000 as well.
For the L = 1000, see Figs. 4-8, the dynamics of evolution model is becoming more deterministic. At high values of ⑀ the flat peaks gets some advantage during some period of time, and this occurs for both case of initial distributions if ⑀ is large enough.
C. Case of approximated flatness
Consider now the accuracy of flatness in the second peak ͑the difference ␦r of fitness between the central sequence of the peak and its nearest neighbor sequences͒. In ͓18͔ has been observed an approximate neutrality with relative defect of fitness ␦r / r 2 ϳ 2.5% and we take ␦r = 0.15. Figures 9 and   10 show that the phenomenon selection via flatness could be still observed for some period of time for L = 3000, ␥ 0 =3,r 2 =7,r 2 =6,␦r = 0.15. To compare with the statics, we calculate the mean fitness for the corresponding one peak infinite population model ͑the reference sequence has a fitness r 2 and the nearest neighbors-r 2 − ␦r͒. For the single peak model ␦r = r 2 we get for the mean fitness R Ϸ 3.0005, for ␦r = 0 we get R Ϸ 3.0553 and for ␦r = 0.15 we get R Ϸ 3.0179. Thus the increase of mean fitness due to flatness is ␦R Ϸ 0.055 for the perfect neutrality ␦r = 0, while it is 
D. Case of additional supply of viruses with the high fitness
Till now we considered the models, connected with the serial transfer experiments ͓8͔. Consider now the stability of found phenomenon, when during any replication cycle there is an additional supply of high fitness viruses. We give the results of numerical simulation in Fig. 10 . The additional supply of the high fitness viruses suppressed the effect, while it still is observable when we add 1% of the half of population. For the larger supply ͑2.5%͒ the effects disappears.
IV. DISCUSSION
We analyzed the effect of the selection of flatness versus the selection of high fitness in the case of infinite and finite populations. In the case of infinite population, the flatness increases the mean fitness slightly, O͑1 / ͱ L͒, as has been first observed first in ͓9͔. Considering the evolution dynamics for the finite population located around two peaks, far each other in sequence space ͑the Hamming distance ӷ1 such that the viruses from the first peak never can convert to the viruses around second peak and vice versa͒ we found the phenomenon of dynamical arresting of evolving finite population around the flat peak.
Two factors define the existence of the effect: a proper choice of initial population distribution when originally the populations are located at the centers of both peaks ͑there are only two sequences in the population͒, and when the number of mutations per virus life cycle ͑the period of life cycle͒ is rather large. The key parameter of the model is the ⑀, the time period of virus life cycle ͑the time between two successive dilutions of virus population͒. When the number of mutations per population per life cycle is rather small, the high peak has advantage all the time and attracts the most of population. Increasing the ⑀ first we can get a stochastic dynamics: by chance both peaks could be chosen. For some higher values of ⑀, the choice of the peak is becoming deterministic.
We suggest applying our results to identify the selection via flatness phenomenon in experiments. The main obstacle here is the following. The evolution of mixed population is first observed at low mutation rates, then at the high one. The problem is that the fitness landscape may also be changed by the action of mutagens ͑chemical substances increasing the mutation rates͒, creating uncertainty in the interpretation of the experiment for a selection of flatness or selection of a new high peak after the action of the mutagen. We suggest avoiding the ambiguity by performing series of experiments: in one case with two pure virus populations ͑a single strain in each one͒, and in the second case by first performing a serial transfer of populations separately and only later looking at the mixed evolution. If in the second case the flat peak's concentration is small compared with the case of the first experiment, it is a strong argumentation in favor of the selection via flatness phenomenon. It will be interesting to repeat the experiments for different values of time periods between serial transfers.
We investigated the stability of the found phenomenon. It exist even in case of approximate neutrality of the flat peak when the fitness of mutants is slightly less ͑by "neutrality defect" ␦r͒ than the fitness of the center of the peak. While the approximate neutrality suppresses the effect, it is till quite observable in case of experimentally observed degree of approximate neutrality. In case of statics the approximate neutrality much stronger suppresses the impact of flatness. We check that phenomenon exists even in case of small additional supply of high fitness viruses.
The parameter ⑀ could be identified with the period of time between subsequent dilutions of virus population in chemical reactor. We hope that the found phenomenon should exist in more realistic models of virus evolution: via differential equations with delay ͓22͔, or via numerical simulation of different discrete evolution processes during virus life cycle ͓23͔ where ⑀ is defined more rigidly as a virus life cycle period and ␥ 0 ⑀ as the number of mutations per genome per life cycle.
We assume that the found nonequilibrium scenario should be preferable for the system with a large genome and mutation, while for the case of a short genome, the flatness could be chosen in the equilibrium. We find a possible advantage of fitness landscape flatness in the dynamics. In this article we considered only a simple dynamics model of evolution in the case of asexual evolution. In the case of diploid evolution, there is a possibility to increase the role of flatness due to recombination ͓24͔. The phenomenon, found in this paper, could exist in that case as well. A possible advantage of neutral network like fitness landscape in the dynamics assumed as a hypothesis in ͓5͔, needs in a further clarification.
